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Abstract

This paper analyzes pricing decisions in both monopoly and duopoly
settings on markets that exhibit network externalities. A two-stage
game is presented where Þrst Þrms announce prices, then consumers
simultaneously decide whether to join a network or stay out. We char-
acterize subgame perfect equilibria which satisfy the condition that
consumers play coalitionally rationalizable strategies in every subgame.
This corresponds to assuming that consumers can successfully coordi-
nate their actions whenever it is in their joint interest to do so, as long
as it does not require explicit coordination. On one-sided markets and
on two-sided markets with homogeneous consumers the assumption
guarantees that the monopolist attains the maximum proÞt compati-
ble with equilibrium. In Bertrand competition it drives participants�
proÞts to zero, re-establishing the classic result on markets without
externalities. On one-sided markets the equilibrium price has to be
zero, but on two-sided markets one side can be subsidized while the
other pays positive price. If consumers are heterogeneous with respect
to how much they care about the network effect, on two-sided markets
multiple active networks can arise that are priced differently, despite
the assumption of coalitional rationality. In particular, the monopolist
might provide two separate networks to price discriminate consumers
more efficiently. One of them is relatively cheap on one side of the mar-
ket while the other is on the opposite side. The cheap network sides
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attract a large number of low type consumers, which makes high types
willing to go to the expensive sides. This way product differentiation
is endogenized in equilibrium.
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1 Introduction.

A market has network externalities if consumers� utility from purchasing a
product on the market depends on which other consumers buy the same
product. The simplest example of this is when a consumer�s utility is in-
creasing in the total number of consumers buying the same product. The
standard terminology for this case in the literature is one-sided markets
with network externalities, and it provides a reasonable framework to model
markets like telecommunication services (phone, mobile phone). Another
highlighted case is when consumers are divided into two distinct subgroups,
and a consumers�s utility on one side is increasing in the total number of
consumers on the other side of the market who buy the same product. These
are labeled two-sided markets with network externalities and can be used to
model situations in which two groups of agents need a common platform to
interact and one or more Þrms own platforms and sell access to them. The
higher the number of agents on one side who join a platform, the higher the
utility of an agent on the other side who joins the same platform because
he has a higher number of potential partners to trade or interact with.

One example is the market for on-line matchmaking services where the
two sides are women and men. In other cases, the two sides are buyers
and sellers, and the platforms are auction websites, yellow pages services,
classiÞed ads, credit card networks (the sellers are merchants who accept
the credit card and the buyers are credit card holders) and video game
and computer platforms (the sellers are software developers for the platform
and the buyers are end users of the platforms). A labor market example is
temporary work (TEMP) agencies where the two sides are employers and
employees.

This paper investigates the pricing decisions of Þrms operating on mar-
kets with network externalities. We refer to these Þrms as network providers.
Equilibrium analysis on markets with networks is an involved task. The
coordination problems that arise among consumers result in a severe mul-
tiplicity of equilibria in both games in which there is a monopolist network
provider and in price competition games among multiple providers. Con-
sumers can have various self-fulÞlling expectations on which networks other
consumers join and whether they join some network at all.

Coordination failures and the resulting inefficiencies are relevant phe-
nomena on markets with network effects. After all there are typically many
anonymous consumers on these markets who cannot communicate to each
other and explicitly coordinate before joining a network. Nevertheless, in

3



some cases it is reasonable to expect consumers to be able to coordinate on
one network versus the other. The simplest example is that if a network
is cheaper for all potential consumers than another one and consumers do
not have inherent preferences favoring one network versus the other, then
choosing the cheaper network becomes a natural candidate for consumers to
coordinate on.

The central assumption of our paper is that consumers are able to co-
ordinate their decisions on the market to their advantage if they interests
coincide and if coordination can be achieved without communication, like
in the case of a cheap and an expensive network. But in cases in which
explicit coordination would be needed we do not assume that coordination
is achieved, even if it is in the common interest of consumers. An example
is when there are two networks charging the same price and it is in the best
interest of consumers to all join the same one, but it is unclear which one
should be that network.

The formal concept we use to incorporate this assumption in the analysis
is coalitional rationalizability, proposed by Ambrus (2002). The main idea
behind the concept is that players can make implicit coalitional agreements
among each other to conÞne play to a subset of strategies if it is in their mu-
tual interest to do so. An agreement is in the mutual interest of participants
if for each of them the following is true. Even the most pessimistic expected
payoff she can expect if the agreement is made is strictly higher than the
most optimistic expected payoff she can hope for if the agreement is not
made and in particular if he chooses an action that is incompatible with the
agreement. Agreements can be both of the form of agreeing upon not doing
a certain action (like not staying out of the market) and specifying a certain
action for each participant (like specifying a network to join). The concept
also allows for a series of agreements in an iterative manner, since once an
agreement is made by a group of consumers, another agreement might be-
come unambiguously in the interest of another group. This again uses the
fact that these agreements are based on public information (the payoffs of
the game) and therefore every consumer can infer what agreements are to
be made, without communicating to each other.

Our analysis is done in an extensive form game in which Þrst Þrms (or
just one Þrm in case of a monopoly) announce prices they charge for using
their networks. Firms can charge different prices on different sides of the
market. Then consumers observe these prices, and Þnally all consumers
simultaneously and independently choose networks or decide to stay out of
the market. We characterize the subgame perfect equilibria of this game
that are compatible with coalitional rationalizability.
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The Þrst set of results establish that the assumption of coalitional ra-
tionality makes some classic results of pricing games true for markets with
network externalities if either the market is one-sided or if it is two sided
but consumers are homogeneous on both sides. The monopolist gets the
highest possible proÞt compatible with subgame perfect equilibrium, and
therefore can use coalitional rationality of consumers in his advantage. To
sharp contrast, in Bertrand type competition all coalitionally rationalizable
subgame perfect equilibria yield zero proÞt to both Þrms. Furthermore, it
is guaranteed that no consumers with positive evaluation stay out of the
market. On one-sided markets price competition brings equilibrium prices
down to zero. On two-sided markets, however, one side of the market can
be subsidized while the other pays a strictly positive price.

The second set of results show that introducing heterogeneity with re-
spect to how much consumers care about the network effect introduces new
phenomena to price setting games. Consumers on the same side can be
price discriminated despite the networks are not differentiated, the types
of consumers are not observable by Þrms and the retained assumption of
coalitional rationalizability. The latter is particularly surprising since the
type of heterogeneity is such that all consumers on the same side of the
market still have the same interests - the utility for all of them is higher the
lower is the price to be paid and the higher is the number of consumers from
the other side joining the network. Only the relative weight of these two
can differ among consumers. We consider a simple form of heterogeneity in
which both sides have two type of consumers and one type cares more about
the network externality (that is how many people join the network from the
other side) than the other.

We show that the monopolist can either target all consumers, only high
consumers, or all consumers on one side and only high consumers on the
other side, depending on the fraction of high versus low types and on how
much high and low types care about the external effect. Furthermore, if there
are relatively few high types and their evaluation is very high compared to
low types, it can be optimal for the monopolist to establish two networks
that are physically the same, but priced differently. For this to be compatible
with coalitional rationalizability it has to be the case that a network that
is cheaper on one side of the market has to be more expensive on the other
side.1 In these equilibria the high types of one side are together on the same

1In particular, the monopolist cannot create a high price network for only high type
consumers and a cheaper network for low types. Coalitional rationality in that case would
imply that high types would switch over to the cheap network as well.
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network with the low types of the other side and vice versa. The network
that is cheaper on one side has more consumers joining it in equilibrium.

The way price discrimination is achieved in these equilibria is through
endogeneous product differentiation. Networks are physically the same, but
low types are only willing to join the networks that are relatively cheap,
and since there are a lot of them, it makes the network more valuable for
consumers on the other side. Henceforth high types on the other side are
willing to choose the network despite it is more expensive for them.

We are currently working on analyzing price competition on two-sided
markets with network externalities and heterogeneous consumers.

The structure of the paper is the following. Section 2 describes the
related literature. Section 3 brießy introduces coalitional rationalizability.
Section 4 investigates both price setting by the monopolist and Bertrand
competition between two Þrms on one-sided markets with network external-
ities. Section 5 provides similar analysis for two-sided markets with homo-
geneous consumers on each side. Section 6 introduces heterogeneity among
consumers in two-sided markets and characterizes the equilibria of the mo-
nopolist price setting game. Finally, section 7 concludes and describes future
research directions.

2 Related Literature.

The Þrst analysis of consumer demand in the presence of network externali-
ties appears in Leibenstein (1950) and the related problem of multiple mar-
ket sizes compatible with the same price was Þrst discussed by Rohlfs (1974)
in the context of a monopolistic market for communications services. The
seminal works of Katz-Shapiro (1985) and Farrell-Saloner (1985) inspired a
large literature that addressed multiple issues associated with markets with
one-sided network externalities2. The Þrst formal analysis of oligopolistic
competition on these markets, using a Cournot framework, appears in Katz
and Shapiro (1985). De Palma-Leruth (1993) and Bental-Spiegel (1995) in-
vestigate Bertrand competition in the presence of network externalities. De
Palma-Leruth (1993) assumes that consumers are homogeneous and that
Þrms can horizontally differentiate their products. We allow for heterogene-
ity in how much consumers care about the network effect, but not for prod-
uct differentiation. Bental-Spiegel (1995) introduces heterogeneity among

2For a wider survey on this literature, see Farrell-Klemperer (2001), Katz-Shapiro
(1994) and Economides (1996)
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consumers, but only with respect to their income.
Recently, a number of papers investigated the issue of optimal pric-

ing and price competition on markets with two-sided network externalities.
Rochet-Tirole (2002a) and Schmalensee (2001) analyze credit card systems
with a monopolist network while Laffont et al (2001) analyze competition
between internet backbone operators3: in this case, since all the backbones
are connected, there is no speciÞc beneÞt for those agents who join the
largest backbone. Parker-Van Alstyne (2000) analyze �hardware� markets
where the two groups of agents who purchase a Þrm�s products are content
producers who buy the tools to produce contents compatible with a given
hardware, and end-users who buy the hardware. They describe networks�
pricing strategies and show how they are affected by the intensity of the
network externalities across groups, up to the point that Þrms might opti-
mally subsidize one of the two sides. Ellison et al (2002) study competition
between two auction sites and show how the relative size of the two sides
of this market (sellers and buyers) affects the range of equilibrium market
shares.

The papers most closely connected to our analysis are Caillaud and Jul-
lien (2001a) and (2001b), Rochet and Tirole (2002b) and Jullien (2001).
Caillaud and Jullien (2001a) and (2001b) analyze markets where Þrms are
intermediaries offering matchmaking services to two groups of agents. They
assume that consumers on each side are homogeneous and analyze both op-
timal pricing by a monopolist and price competition between two intermedi-
aries. They reduce the issue of multiple equilibria by imposing monotonicity
on the demand function of consumers. Coalitional rationality on the other
hand is an assumption directly on the expectations of consumers.

Rochet and Tirole (2002b) also study monopolistic pricing and price
competition between two Þrms on markets where the Þrms are platforms
who try to attract two groups of agents. They assume that agents on each
side are heterogeneous with respect to the gross surplus they derive from
the interaction with the other group and that networks� primary pricing in-
strument is a transaction fee they charge when two agents interact using the
platform. Instead, we assume that Þrms charge a registration fee to agents
who choose to access their networks. The assumption that networks use
(only) a transaction fee eliminates the issue of multiple self-fulÞlling expec-
tations in the monopoly case because even if the gross surplus of consumers
of one side who join the network is increasing in the number of agents of the
other side who join as well, their aggregate demand is independent from the

3The two sides on the market are websites and consumers.
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network size. As for the duopoly case, they derive the optimal pricing struc-
ture adopted by the networks focusing only on symmetric equilibria where
both Þrms charge the same prices, under different assumptions on the gov-
ernance structure. Finally, Jullien (2001) constructs a duopoly model that
allows for more than two subgroups of consumers and for both inter-groups
and intra-group network externalities. This paper also differs from ours in
that it assumes that the intrinsic value of the good sold by each Þrm is high
compared to the network effect and also that one of the Þrms is highlighted
in the sense that consumers always coordinate on the equilibrium which is
the most favorable for this Þrm.

Our model allows for multiple consumer groups on each side of the mar-
ket and for multiple networks with different prices (different types of con-
sumers might select to join different networks). In this aspect, our analysis
is connected to the literature on price discrimination (for an overview see
Varian (1987)) multiproduct pricing (see Baumol et al. (1982)) and the
theory of screening (for an overview see Salanie (1997)).

3 Coalitional Rationality.

The central assumption of our paper is that consumers can coordinate their
actions whenever it is unambiguously in their interest and it does not require
communication. Formally, we require consumers to play coalitionally ratio-
nalizable strategies, as deÞned in Ambrus (2002), in every subgame that
follows the price announcements by Þrms.

Coalitional rationalizability is a reasoning procedure that iteratively
eliminates certain strategies from the strategy space. Steps of this elimi-
nation procedure correspond to agreements by groups of players (coalitions)
to conÞne play to a certain subset of their strategies. It is analogous to
iterative removal of never best response strategies, but in this procedure
groups of players, not only individual players, can jointly eliminate strate-
gies. The set of coalitionally rationalizable strategies are those which survive
this procedure.

In each round of the procedure every coalition makes every agreement
which is unambiguously in the mutual interest of all coalition members.
These agreements are called supported restrictions and they are deÞned
formally below. Readers not interested in the technical details of how coali-
tional rationalizability is deÞned are advised to skip the paragraph and read
the intuitive summary of the deÞnition following the formal treatment.
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Let I be the set of players in the game, S = ×
i∈I
S0 the set of strategies

and ui ∀ i ∈ I the payoff functions. For every i ∈ I let Ω−i be the set of
probability distributions over S−i, representing possible conjectures of player
i on strategies of the other players. For an arbitrary product subset A of the
strategy space let Ω−i(A) be the set of probability distributions f−i for which
f−i(s) > 0 only if s ∈ A. Let ui(si, f−i) denote the expected payoff of player
i if he plays strategy si and his conjecture on other players� strategies is f−i.
For every f−i ∈ Ω−i let BRi(f−i) denote the set of best responses of player
i to conjecture f−i. For every J ⊂ I, i ∈ J and f−i ∈ Ω−i let f

J
−i denote the

marginal distribution of f−i over SJ . Finally, let bui(f−i) = ui(si, f−i) where
si ∈ BRi(f−i) (any best response strategy gives the same expected payoff,
so bui is well-deÞned.

Let A and B be two nonempty product subsets of the strategy space
such that B ⊂ A. Let J ⊂ I.

Definition: B is a supported restriction by J given A if
1) Bi = Ai, ∀ i /∈ J, and
2) ∀ j ∈ J, and ∀ f−j for which ∃ sj ∈ Ω−j(Aj/Bj) such that sj ∈

BRj(f−j) it is the case thatbuj(f−j) < buj(g−j) ∀ g−j such that g−j ∈ Ω−j(B) and g
I/J
−i = f

I/J
−i .

The Þrst condition in the deÞnition of supported restriction requires that
only the strategies of those players who are members of the given group
are restricted. The second condition requires that for any player in the
coalition, any belief against which he has a best response strategy outside
the agreement yields a strictly lower expected payoff than any belief that is
consistent with other players in the coalition keeping the agreement, holding
the marginal expectation concerning the strategies of players outside the
coalition Þxed. To state it simply, for a restriction to be supported, we
require that if the restriction is not made, every player in the coalition
either plays inside B, or wishes that the restriction was made, because he
expects a lower payoff than any payoff he could expect if the agreement was
made.

The set of coalitionally rationalizable strategies is then deÞned as follows.
Let z(A) be the set of all supported restrictions by any coalition given A.
Let A0 = S and deÞne Ak for k = 1, 2, ... iteratively as follows: Ak =

∩
B∈z(Ak−1)

B. The set if coalitionally rationalizable strategies is deÞned to be

∩
k=0,1,...

Ak.

Players start from the assumption that any strategy is possible to be
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played. At every step of the procedure every supported restriction by every
coalition is made. Therefore the next step starts out from the intersection
of all these supported restrictions. Finally, the strategies that survive the
iterative procedure are called coalitionally rationalizable.

For a more detailed description of coalitional rationalizability see Ambrus
(2002).

In this paper we analyze extensive form games in which one set of the
players move Þrst and then another set of players choose actions after ob-
serving the previous moves. The Þrst set of players are Þrms setting prices
and the second set of players are the consumers who decide which Þrm�s
network to join or whether to stay out of the market. We make the assump-
tion that consumers only play coalitionally rationalizable strategies in every
subgame of this extensive form game and focus on subgame perfect Nash
equilibria of these games that are compatible with the above assumption.
Therefore we combine coalitional rationalizability with equilibrium analysis
and use it to select reasonable equilibria in these market games. Our in-
terpretation is that consumers make implicit agreements that are in their
interest and do not require explicit coordination. Then they simplify the
game by restricting the set of strategies to those which are compatible with
these agreements. We investigate the subgame perfect Nash equilibria of the
game which is obtained from the original extensive form game by simplifying
every subgame the way described above.

We call the resulting solution concept coalitionally rationalizable sub-
game perfect equilibrium (crspe).

Coalitional rationalizability does not put extra restrictions on the actions
of Þrms in these games because their interests are in conßict with each other.
Therefore the results would be exactly the same if we used the concept
of extensive form coalitional rationalizability proposed by Ambrus (2003)
and which requires all players in the game to be sequentially coalitionally
rational. We chose the current form of presentation for ease of exposition.

To provide some intuition on how the concept works, we provide some
examples of supported restrictions in the games that we analyze.

Suppose there are two Þrms on the market, A and B, operating one net-
work each. In each example every consumer who does not join any network
gets zero utility.

In the Þrst example assume that the market is one-sided and there is a
continuum of consumers all getting utility x − p if joining a network that
charges price p and which a total number x of consumers join. Assume both
Þrms charge 0 price. Then the agreement to join either A�s network or B�s
network (or agreeing upon not to stay out of the market) is a supported
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restriction for the coalition of all consumers, because if the agreement is
made, then any possible conjecture that is compatible with the agreement
is such that a best response to it yields expected payoff of at least 1/2 (the
conjecture should allocate an expected size of at least 1/2 to one of the
two networks), while staying out of the market yields zero payoff. Because
prices charged by the two networks are the same, no more strategies are
eliminated by coalitional rationalizability in this subgame. Both joining A�s
network and joining B�s network are coalitionally rationalizable for every
consumer and therefore this subgame has three coalitionally rationalizable
Nash equilibria. Either every consumer joins A or every consumer joins B,
or one half of them join each network.

Consider now the same market, but assume A charged a price of 1/4,
while B charged a price of 1/2. Then restricting play to joining A is a
supported restriction for the coalition of all players, since it yields payoff
3/4 to all consumers, while joining A�s network can yield a payoff of at most
1/2 and staying out yields zero. Coalitional rationalizability pins down a
unique strategy proÞle in this subgame.

We conclude by noting that the solution concept that we use is not equiv-
alent to coalition-proof Nash equilibrium (Bernheim, Peleg and Whinston
(1987)) in the games that we analyze. In particular, consider the subgame in
our Þrst example above. As shown, the proÞle in which half of the consumers
join A�s network and the other half join B�s is a coalitionally rationalizable
Nash equilibrium of the game. It is not a coalition proof Nash equilibrium
though, since, for example, the players who join A in this proposed proÞle
could jointly deviate to B and be all better off, without any subgroup of
them wanting to deviate further. Our point though is that players who join
B in the proposed proÞle have the same incentives to switch and without
explicit coordination it is not obvious whether a player should switch or
stay. Coalition-proof Nash equilibrium takes the position that players can
successfully coordinate even in those subgames where explicit coordination
is needed, while we only require it in cases in which explicit coordination is
not necessary, keeping in mind that most applications of our model are such
that there is a large number of consumers who do not regularly interact with
each other.

4 One-sided Markets.

Although the main focus of the paper is monopolistic pricing and oligopolis-
tic price competition on two-sided markets with network externalities, Þrst
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we provide the same analysis for one-sided markets with network externali-
ties. We do it partly for the sake of completeness and partly for expositional
concerns. Coalitional agreements among consumers are simpler in this con-
text and therefore it is easier to grasp the intuition behind our results.

Following the convention, by one sided markets with network externali-
ties we mean a market where each consumer�s utility from using a network
is increasing in the total number of consumers using the network. We show
that while a wide variety of subgame perfect Nash-equilibria exist both in
the case of a monopolist and in the case of Bertrand competition between
two Þrms, only few of them survive the additional requirement of being
stable with respect to coalitional agreements.

Let there be a continuum of consumers with mass 1. Assume that a
consumer gets utility 0 if she does not join any network, while she gets utility
xu− p if she joins a network that charges a registration fee p and which a
total number of x consumers join. Note that this speciÞcation implies that
consumers do not have any inherent preference for one network versus the
other. The parameter u is individual-speciÞc and we refer to it as intensity
parameter. Assume that it is distributed among individuals according to
distribution function F with bounded support. Let M > 0 be an upper
bound of the support. Assume F (u) = 0 for every u < 0 (no consumer gets
negative utility from using the network) and that there is e > 0 such that
F (e) < 1 (there are consumers who can get positive utility from using the
network). A highlighted special case is when there is some bu > 0 such that
F (u) = 0 for every u < bu and F (u) = 1 for every u > bu. This corresponds
to the case when consumers are homogeneous and their intensity parameter
is bu.

Finally, assume that the marginal cost of serving an additional consumer
is zero.

4.1 Monopoly.

Consider Þrst the case where there is one Þrm operating one network on the
market. We analyze the game in which Þrst the Þrm sets registration fee p,
then consumers observe this and Þnally they simultaneously decide whether
to join the network or not. Formally, the Þrm�s strategy set is R, while every
consumer�s strategy is a function that allocates either 0 (not joining) or 1
(joining) to every p ∈ R.

There are many subgame perfect Nash equilibria of this game, depending
on the expectations of consumers after different price announcements.

For example, if consumers are homogeneous with intensity parameter
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bu > 0 then every p ∈ [0, bu] can be equilibrium price and for any such p
there are equilibria in which a mass of pbu , 0 or 1 people join the network.
The sketch of the proof is that if after any nonnegative price announcement
besides p no consumer joins the network (which is compatible with subgame
perfect Nash equilibrium since if no other consumer joins then it is optimal
for a consumer not to join), then it is optimal for the Þrm to set the price
to be p. And then pbu , 0 or 1 people joining the network are all compatible
with consumers being in optimum.

For any distribution function F it holds that there are subgame perfect
Nash equilibria in which the Þrm gets zero proÞt. This happens if for any
positive price announcement no consumer joins the network, in which case it
is optimal for the Þrm to set p = 0 (or set a positive price, with no consumer
joining the network).

Instead, the assumption that consumers are coalitionally rational guar-
antees that the monopolist gets the maximum proÞt possible in subgame
perfect equilibrium and if our assumptions hold then this proÞt is strictly
positive.

Let crspe stand for coalitionally rational subgame perfect Nash equilib-
rium.

Theorem 1 Let s be any subgame perfect equilibrium proÞle of the game
with one Þrm and let π be the proÞt that the Þrm gets in this equilibrium.
Let s0 be any crspe proÞle of the game with one Þrm and let π0 be the proÞt
that the Þrm gets in this equilibrium. Then π0 > π and π0 > 0.

Proof: see appendix.

In the case of homogeneous consumers, there is a unique equilibrium for
the game with one Þrm, in which the Þrm sets the price equal to the intensity
parameter of consumers and every consumer joins the network. The Þrm
extracts the maximum possible gross consumer surplus.

Theorem 2 Suppose ∃ bu > 0 such that F (u) = 0 for every u < bu and
F (u) = 1 for every u > bu. Then crspe is unique up to a set of consumers
with 0 measure. In the crspe the Þrm sets a price equal to bu and every
consumer joins the network if the price is less than or equal to bu and no
consumer joins the network if the price is larger than bu.

Proof: see appendix.
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4.2 Duopoly.

Suppose now that there are two Þrms operating networks, A and B. The
game has two stages. In the Þrst, Þrms simultaneously and non-cooperatively
announce prices. In the second each consumer observes prices and decides
whether to join network A, join network B, or stay out.

Again there is a severe multiplicity of subgame perfect Nash equilibria,
due to the fact that for any couple of prices announced by the Þrms there
exist many sets of self-fulÞlling expectations. In some of them no consumer
joins any network, in others only one Þrm�s network attracts consumers and
in yet others some consumers join A while others join B. In the latter case
the networks can charge the same price and have the same size, but it can
also be that they charge different sizes and have different sizes. The prices
that Þrms charge can be strictly positive and equilibrium proÞts can be
strictly positive for one or both Þrms. Any fraction of consumers can enter
the market, from zero to one. For a complete characterization of subgame
perfect Nash equilibria in the case of homogeneous consumers, see appendix.

The next theorem establishes that the assumption that consumers are
coalitionally rational, and therefore coordinate their actions whenever it is
unambiguously in their interest, sharply reduces the set of equilibria. In
all crspe of the price competition game both Þrms get zero proÞt, therefore
coalitional rationalizability reestablishes the classic Bertrand result for one-
sided markets with network externalities.

Let x denote the number of consumers joining network A and y the
number of consumers joining B in equilibrium, p the price charged by A
and q the price charged by B.

Theorem 3 In every coalitionally rational subgame perfect equilibrium of
the price competition game, both Þrms charge 0 price. Moreover, there are
two types of such equilibria:

1. all consumers with positive ui parameter choose Þrm A and x > y (or,
analogously, all consumers with positive ui parameter choose Þrm B
and x 6 y) ;

2. all consumers with positive ui parameter join some network and x = y.
In unreached subgames x = 0 if p > q and y = 0 if q > p.

Proof: see appendix.

Note that in every crspe all consumers with positive intensity parameter
join some network.
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In the special case of homogeneous consumers the above theorem implies
that both Þrms set a zero price, that every consumer joins some network,
and either all of them join A, or all of them join B, or exactly half of them
join each Þrm. The intuition behind the above result is that coalitional
rationality puts a restriction on beliefs when the prices of the two networks
are different. Consider a case when homogeneous consumers observe prices
p < q where 0 < p and q < u. Subgame perfect Nash equilibrium can be
compatible with consumers choosing either networks or both, or staying out
of the market. But if all consumers implicitly agree to join A, they are all
strictly better off than if they joined B or stayed out. Therefore joining the
cheaper network is a supported restriction for the consumers and coalitional
rationalizability implies that the more expensive network will be empty.
Through this mechanism, undercutting strategies become very effective and
essentially this is what re-establishes the Bertrand result. Furthermore, if
both prices are zero, then excluding the strategy �staying out� is a supported
restriction for the coalition of consumers with positive intensity parameter,
because it guarantees a positive expected payoff for them, while staying out
gives a payoff of zero. This is why in every crspe all consumers with positive
evaluation join some network.

5 Two-sided Markets with Homogeneous Consumers.

This section investigates optimal pricing on two-sided markets with network
externalities, that is markets where consumers are divided into two distinct
groups and the utility of using a network for a consumer belonging to one
group is increasing in the number of consumers from the other group using
the same network.

Assume there is a continuum of side 1 consumers and a continuum of
side 2 consumers, both of mass one. Let the marginal cost of serving an
additional consumer be zero for a network provider. We also assume that
Þrms can distinguish between consumers on the two sides and therefore can
charge a different registration fee to side 1 and side 2 consumers. The utility
of a side 1 consumer by joining a network which charges price p1 to side 1
consumers and which has x2 side 2 consumers joining it is ux2 − p1 where
u > 0. Similarly, the utility of a side 2 consumer by joining a network which
charges price p2 on side 2 consumers and which has x1 side 1 consumers
joining it is ux1 − p2. The utility of a consumer not joining any network is
0.
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5.1 Monopoly.

First, we consider the case when there is one Þrm providing network service
on the market.

We model the market by the following game. First, the monopolist sets a
pair of prices, one for side 1 consumers and one for side 2 consumers. Then,
consumers observe these prices and simultaneously decide whether to join
the network or not. Therefore the set of strategies of the Þrm is R2 while
for each consumer the set of strategies is R2 → {0, 1}.

The Þrst theorem characterizes the set of subgame perfect Nash equilibria
of this game. As opposed to the case of one-sided markets with network
externalities the monopolist is guaranteed to get a strictly positive proÞt
in subgame perfect Nash equilibrium. The intuition is that the Þrm now
has the option of getting around the coordination problem by charging a
slightly negative price on one side of the market and thereby guaranteeing
that all consumers of that side join the network. But then he can charge a
price close to u on the other side of the market and still have all consumers
joining the network. This way the monopolist can achieve a proÞt arbitrarily
close to u > 0. The theorem below shows that the monopolist�s proÞt can
be anything between u and 2u. This implies that in every subgame perfect
Nash equilibrium some consumers join the network. But it is not true that
in all subgame perfect Nash equilibrium all consumers join the network.

Theorem 4 The subgame perfect nash-equilibria of the monopolistic model
of a two-sided market with symmetric, homogeneous network externalities
are the following:

”Monopoly equilibria with full coverage” characterized by market shares
x1 = x2 = 1 and prices p1, p2 ∈ [0, u], p1 + p2 > u

”Monopoly equilibria with partial coverage” characterized by market
shares 0 < x1 + x2 < 2 and prices p1, p2 ∈ (0, u) such that xi =

p−i

u
for i = 1, 2 and p1x1 + p2x2 > u

The proÞt of the Þrm in subgame perfect Nash equilibrium can be any
π ∈ [u, 2u] .

Proof: see appendix.

Despite the fact that the monopolist is guaranteed to get a proÞt of
at least u, there is continuum of subgame perfect Nash equilibria and the
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monopolist�s proÞt depends on the expectations of consumers. The next
theorem shows that among these equilibria the ones satisfying coalitional
rationality yield the maximum possible proÞt that is compatible with sub-
game perfect Nash equilibrium. All these equilibria are outcome equivalent
and along the equilibrium path the monopolist charges u on both sides and
all consumers join the network. Therefore the proÞt of the monopolist is 2u.
These results are analogous to the ones in the previous section.

Theorem 5 In every crspe of the game with one Þrm and homogeneous
consumers the monopolist charges u on both sides of the market and all
consumers join the network.

Proof: see appendix.

We note that if consumers are coalitionally rational then the monop-
olist cannot increase its proÞt by establishing two networks. It already
extracts the maximum possible consumer surplus by operating one network
and charging u on both sides of the market. In fact, if the Þrm operates two
networks and both are active (a positive fraction of consumers join each)
then its proÞt must be strictly less than 2u, since gross consumer surplus is
then less than 2u and in equilibrium no consumer can have negative utility.

5.2 Duopoly.

Assume now that there are two Þrms on the market. Consider the game in
which Þrst Þrms simultaneously announce prices for both side 1 and side 2
consumers, then consumers observe these announcements and Þnally con-
sumers on both sides of the market simultaneously decide whether to join a
network and if yes, which one.

Let pk, k = 1, 2 denote the price that A charges on consumers of side k
and qk, k = 1, 2 denote the price that B charges on consumers of side k.

Theorem 6 below characterizes the set of subgame prefect Nash equilibria
of this game. The set of equilibria of the price competition game is somewhat
less rich than in the one-sided market case. In particular in all subgame
perfect Nash equilibrium Þrms get the same proÞt. If both Þrms are active,
then in equilibrium they charge the same prices. Finally there is either zero
or full consumer participation. The intuition behind these results is that
certain deviations that get around the coordination problem consumers face
might be proÞtable in this setting, restricting the type of subgame perfect
equilibria of the model. In particular, if a Þrm announces a price for one
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side of the market that makes choosing its network a dominant choice for
consumers on that side (in particular the price is negative and less than the
competing network�s price by more than u) then he can charge a strictly
positive price on consumers on the other side and still make sure that all
consumers on that side join its network too4.

Let xk k = 1, 2 denote the number of consumers joining network A and
yk k = 1, 2 denote the number of consumers joining network B in a given
equilibrium.

Theorem 6 The set of spne of the game of price competition between two
Þrms on a two-sided market with symmetric, homogeneous network exter-
nalities is the following:

”Pessimistic equilibria” characterized by x1 = x2 = y1 = y2 = 0 and
p1 = p2 = q1 = q2 = 0;

”Symmetric equilibria with full coverage and positive prices” characterized
by x1 = x2 = y1 = y2 =

1
2 and p1 = p2 = q1 = q2 = bp ∈ £

0, u
2

¤
;

”Symmetric equilibria with full coverage and cross-subsidies” characterized
by x1 = x2 = y1 = y2 =

1
2 and pi = qi = bp ∈ £

0, u
2

¤
, p−i = q−i = −bp

for i=1,2;

”Monopoly equilibria with full coverage” characterized by x1 = x2 =
1, y1 = y2 = 0 and pi ∈ [−u, u] , p−i = −pi for i=1,2

Proof: see appendix.

Despite the restrictions that deviations which undercut price on one side
and raise the price on the other side impose, market shutdown is compatible
with subgame perfect Nash equilibrium of the price competition game, and
so is Þrms getting positive proÞt. The next theorem shows that these type
of equilibria are not compatible with coalitional rationalizability. Theorem 7
implies that in every crspe of the price competition game both Þrms get zero
proÞt and that there is full market participation. These results are again
analogous to the ones on one-sided markets with externalities. In particular,
if consumers are homogeneous on both sides, then in two-sided markets with
network externalities the assumption of coalitional rationalizability reestab-
lishes that Bertrand competition drives Þrms� proÞts down to zero. On the

4This type of strategy, known in the literature as ”Divide and Conquer”, was first
analyzed by Jullien (2001) and Caillaud-Jullien (2001a).
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other hand, prices do not have to be zero, it is compatible with equilibrium
that one side of the market is subsidized, while consumers on the other side
pay a strictly positive price.

Theorem 7 There are three types of crspe of the game of price competition
between two Þrms on a two-sided market with symmetric, homogeneous net-
work externalities. The Þrst is characterized by x1 = x2 = 1, y1 = y2 = 0
and p1 = −p2, p1 ∈ [−u, u]. The second is characterized by x1 = x2 =
0, y1 = y2 = 1 and q1 = −q2, q1 ∈ [−u, u]. The third is characterized by
x1 = x2 = y1 = y2 =

1
2 , p1 = q1 = −p2 = −q2 ∈ [−u/2, u/2].

Proof: see appendix.

6 Two-sided Markets with Heterogeneous Consumers.

In this section, we drop the assumption that consumers on a two-sided mar-
ket are homogeneous. For analytical tractability, the type of heterogeneity
we introduce is of a particular form. We assume that on each side there are
two types of consumers: one type has a higher intensity parameter than the
other. We show that even this simple departure from the model with homo-
geneous consumers can substantially change the nature of optimal pricing
and price competition on two-sided markets with network externalities.

6.1 Monopoly

This section investigates a monopolist network provider�s pricing decisions
on a two sided market with network externalities, in which consumers are
heterogeneous on each side of the market.

Formally, consider the extensive form game which has the same players
and moves as the game described in Section 5.1 and in which the Þrm�s
payoff functions are the same, but consumers� payoffs differ the following
manner. A fraction a ∈ (0, 1) of the consumers on each side of the market
have an intensity parameter h, while the remaining 1 − a fraction of the
consumers on each side of the market have an intensity parameter l5, where
l > 0 and h > l. We call consumers with intensity parameter h high types
and consumers with intensity parameter l low types. A high type side 1
consumer�s utility from joining a network is hx2−p1 where x2 is the number

5The assumption that the fraction of high type consumers is the same on both sides is
made to simplify the analysis.
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of side 2 consumers joining the network, while a low type side 1 consumer�s
utility from joining the network is lx2 − p1. Similarly, a high type side 2
consumer�s utility from joining a network is hx1 − p2 and a low type side 2
consumer�s is lx1 − p2.

Theorem 8 below characterizes the set of crspe for different parameter
values of the model and can be summarized as follows. If the intensity
parameter of the low types is higher than a certain fraction k1 of the intensity
parameter of high types, then in all crspe the monopolist charges (l, l) and
attracts all consumers. The higher the ratio of high types among consumers
is, the higher the threshold fraction k1 is. If the intensity parameter of
low types is lower then fraction k2 of the intensity parameter of high types,
where k2 < k1, then the monopolist charges (ah, ah) and attracts all high
type consumers. Again the higher the ratio of high types is the higher k2 is.
If the intensity parameter of low types relative to the intensity parameter of
the high types is in between k2 and k1 then the Þrm charges h on one side
of the market and attracts all high types there, and al on the other side of
the market and attracts all consumers there.

In short, as one would expect, if the intensity parameter of low types is
relatively small and there are not that many of them then the monopolist
only targets high types. If the intensity parameter of low types is relatively
high and there are a lot of them, then the monopolist targets all consumers.
In cases in between the monopolist might target all consumers on one side
and only the high types on the other side.

Theorem 8 If l > a
2−ah then in every crspe the Þrm charges (l, l) and all

consumers on both sides join the network. If l ∈ ((2a− 1)h, a
2−ah) then in

every crspe the Þrm charges h on one side and al on the other and every
high type joins on the former side, while every consumer joins on the latter
side. If l < (2a−1)h then in every crspe the Þrm charges (ah, ah) and every
high type consumer joins the network on both sides. If l = a

2−ah then in
crspe the Þrm can charge (l, l), (h, al) or (al, h). If l = (2a − 1)h then in
crspe the Þrm can charge (ah, ah), (h, al) or (al, h).

Proof: see appendix.

Note that if a < 1/2, then there is no crspe in which the monopolist
charges a high price on both sides of the market, targeting only high types.
Charging a high price on one side of the market has to be accompanied by
charging a low price on the other side, so that there are enough consumers
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from the other side on the network for high types on the Þrst side to be
willing to pay the high price. The monopolist therefore cannot extract all
consumer surplus from all high type consumers.

The above analysis assumed that the monopolist can only operate one
network. The next theorem shows that, somewhat surprisingly, operating
two networks but pricing them differently can improve the proÞt of the
monopolist for certain parameter values. This is the case when there are
relatively few high type consumers, but the high types� intensity parameter
is very high compared to the low types. In this case, establishing a network
which is cheap on side 1 and another one which is cheap on side 2 enables
the monopolist to charge a high price on side 2 at the Þrst network and still
attract there all high types from that side, and in the meantime charge a
high price on side 1 at the second network and still attract there all high
types from that side. This way the monopolist can extract a high fraction of
the consumer surplus from the high type consumers on both sides, something
which he cannot do by operating only one network.

Theorem 9 Suppose that the monopolist has the option to establish either

one or two networks. If l ∈
³
(4a− 1)h, a

2−ah
i
, or if l ∈

³
a

2−ah,
a(1−2a)

1−a h
´

and a ∈
³
0, 1−

√
2

2

´
, in any crspe he establishes two networks and charges

p1 = q2 = h (1− 2a) + al, p2 = q1 = al. If l = (4a − 1)h , then in crspe
the Þrm can either establish one network and charge (h, al) or (al, h) or
establish two networks and charge p1 = q2 = h (1− 2a)+al, p2 = q1 = al. If

l = a(1−2a)
1−a h and a ∈

³
0, 1−

√
2

2

´
then in crspe the Þrm can either establish

one network and charge (l, l) or establish two networks and charge p1 = q2 =
h (1− 2a) + al, p2 = q1 = al.

Proof: see appendix.

When establishing two networks, the monopolist has to satisfy certain
constraints in price setting. For a low type consumer, joining the network
that is cheaper to him has to yield nonnegative utility in equilibrium. Sim-
ilarly, for a high type consumer, joining the network that is more expensive
to him in equilibrium has to yield nonnegative utility. We refer to these
as individual rationality constraints. Also, for low type consumers, joining
the cheaper network in equilibrium has to yield at least as much utility as
joining the more expensive network. Similarly, for high types joining the
more expensive network in equilibrium has to yield at least as much utility
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as joining the cheaper network. We refer to these as incentive compatibil-
ity conditions. As usual, the individual rationality constraints for the high
types and the incentive compatibility constraints for the low types are bind-
ing in equilibrium. Finally, equilibrium pricing has to satisfy coalitional
rationalizability constraints meaning that no group of consumers can have
a supported restriction that invalidates the equilibrium. In particular, one
network cannot be more expensive than the other on both sides of the mar-
ket, otherwise the coalition of all consumers have a supported restriction
not to join the more expensive network.

The result in theorem 9 is counterintuitive because by establishing two
active networks the monopolist is splitting the consumers and therefore sac-
riÞces gross consumer surplus. And the maximum price the monopolist can
extract from a given consumer is increasing in the gross consumer surplus of
that consumer in equilibrium. The intuition is that if the consumer surplus
that is sacriÞced this way is small, then establishing two networks can be
proÞtable for the monopolist because he can extract a high fraction of the
surplus from more consumers at the same time.

The result that crspe with one Þrm, two-sided market and heterogeneous
consumers can be socially suboptimal is in contrast with the results on one-
sided markets and two-sided markets with homogeneous consumers.

7 Conclusions and future directions

We investigated the consequences of the assumption that consumers on mar-
kets with network externalities are capable of getting around coordination
problems as long as it does not require explicit communication. We showed
that if the market is either one-sided or if it is two-sided but consumers on
each side are homogeneous, then the assumption reestablishes classic results
on price setting by a monopolist and on Bertrand competition. We showed
that allowing for heterogeneity with respect to how much consumers are
affected by the network externality might induce a monopolist to establish
multiple networks to price discriminate consumers more effectively.

We are currently working on the analysis of Bertrand competition on
two-sided markets with network externality and heterogeneous consumers.
Preliminary results indicate that there can be coalitionally rational equilib-
ria of this pricing game in which Þrms get positive proÞts. The network
structure in these equilibria is similar to the structure that the monopolist
establishes if it is optimal for him to establish multiple networks. In par-
ticular if a network is relatively cheap for one side of the market, then it
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has a relatively large number of consumers on that side, and if a network is
relatively cheap on one side, then it is relatively expensive on the other side.

Other extensions of the model that are in progress include the analysis
of two-sided markets with asymmetric sides and the introduction of usage
fees (a fee that a consumer has to pay only if he found a successful match
on the network) besides registration fees.
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8 Appendix.

Proof of Theorem 1:

Let p be the price that the Þrm charges in s. It has to be that p > 0
otherwise all consumers join the network and the Þrm gets negative proÞt
which cannot be in equilibrium. Let C be the set of consumers joining
the network in s and let c =

R
i∈C

dF (i), the number of consumers joining

the network in equilibrium. Then for every consumer i ∈ C it holds that
uic − p > 0. Then for every ε > 0 and i ∈ C it holds that uic − p +
ε > 0, which implies that after a price announcement of p − ε joining the
network is a supported restriction for C. That means that if consumers are
coalitionally rational, then the Þrm can guarantee a proÞt arbitrarily close
to π by charging a price of p − ε where ε > 0 is small enough. But that
implies that it cannot be that π0 < π. For the second claim note that by
assumption ∃ e > 0 such that F (e) < 1. Let E denote the set of consumers
with higher intensity parameter than e. Then i ∈ E implies ui − e > 0 and
therefore ui(1 − F (e)) − e(1 − F (e)) > 0. This means that after a price
e(1 − F (e)) for the coalition of consumers who have intensity parameter
higher than e it is a supported restriction to join the network, guaranteeing
a proÞt of at least F (e)e(1− F (e)) > 0. QED

Proof of Theorem 2:

For any ε > 0 it holds that after a price announcement of bu − ε the
coalition of all consumers has a supported restriction to join the network.
Therefore, if consumers are coalitionally rational then the Þrm could get
a proÞt arbitrarily close to bu by setting a price bu − ε for small enough
ε > 0. But then in no crspe the Þrm�s proÞt can be less than bu. In any
subgame perfect Nash equilibrium no consumer joins the network after a
price announcement larger than bu. But then the only candidate for crspe
is if the Þrm sets a price bu and all but a measure zero of consumers join
the network. After a price announcement of bu it is straightforward to show
that no coalition of consumers have a nontrivial supported restriction and
it is a Nash equilibrium of this subgame that all but a measure zero of
consumers join the network. If the price is smaller than bu then the only
coalitionally rationalizable proÞle is all consumers joining the network and
if the price is larger than bu then the only coalitionally rationalizable proÞle is
no consumers joining the network. This concludes that the proposed proÞle
is indeed a crspe. QED

24



Theorem 10 The set of spne of the game of price competition between two
Þrms on a one-sided market with network externalities and homogeneous
consumers is the following:

1) ”Pessimistic equilibria” characterized by x = y = 0 , p > 0, q > 0

2) ”Monopolistic equilibria with full coverage” characterized by x =
1 , y = 0, p = bp ∈ [0, u], q > p− u (or, analogously, by y = 1, x = 0,
q = bp ∈ [0, u] , p > q − u)

3) ”Monopolistic equilibria with partial coverage” characterized by
0 < x < 1 , y = 0, p = xu, q > 0 (or, analogously, by 0 < y < 1, x = 0,
q = yu , p > 0)

4) ”Symmetric equilibria with full coverage” characterized by x = y =
1
2 and p = q = bp ∈ £

0, u
2

¤
5) ”Symmetric equilibria with partial coverage” characterized by x =

y = bx ∈ ¡
0, 1

2

¢
and p = q = bxu

6) ”Asymmetric equilibria” characterized by x > y > 0 (or, analo-
gously, by y > x > 0) and (p, q) such that xu− p = yu− q > 0

Proof.
If an equilibrium exists, it has to be the case that in equilibrium market

shares satisfy one of the following conditions:

1. x = y = 0

2. x = 1 , y = 0 or, analogously, y = 1, x = 0

3. 0 < x < 1 , y = 0 or, analogously, 0 < y < 1, x = 0

4. x = y = 1
2

5. x = y = bx ∈ ¡
0, 1

2

¢
6. x > y > 0 or, analogously, y > x > 0.

We will now show that in each of these six cases either an equilibrium
exists and it is one of those listed in the theorem, or it does not exist.
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1. x = y = 0.
First, observe that if such an equilibrium exists it has to be the case
that p > 0, q > 0, otherwise consumers of at least one side would have
an incentive to enter the market and collect the subsidy regardless of
the network size. Denote with ex (p, q) and ey (p, q) the expected market
share of network A and network B respectively, after price (p, q) are
announced. Let ex (p, q) = 0 ∀ (p, q) such that p > 0 and ey (p, q) = 0 , ∀
(p, q) such that q > 0 .These expectations are self-fulÞlling because if
consumers expect that a given network, which charges a nonnegative
price, will be empty, then joining that network is weakly dominated
by the choice to stay out of the market. Given these expectations, if
both networks charge nonnegative prices they collect zero proÞts and
they have no proÞtable deviation because the only possible way for
a network to attract a positive amount of consumers is to charge a
nonpositive price thus collecting nonpositive proÞts. Therefore, there
exist equilibria with x = y = 0 and p > 0, q > 0 and they are the only
equilibria with zero coverage.

2. x = 1 , y = 0, (the proof is analogous for y = 1, x = 0).
First, observe that if such an equilibrium exists it has to be the case
that p 6 u because otherwise consumers would rather stay out of
the market then join network A, and q > p− u, otherwise consumers
would rather choose B than A. Moreover, it has to be p > 0 otherwise
A would lose money. Therefore, if such an equilibrium exists, it has
to be such that p = bp ∈ [0, u] and q > p − u. Now, let us construct
expectations to sustain these equilibria. For a given bp ∈ [0, u] , letex (p, q) = 1 and ey (p, q) = 0 ∀ (p, q) such that p 6 bp and q > bp−u. These
expectations are self-fulÞlling because eU(A) = u−bp > 0 > −q = eU(B).
Moreover, let ex (p, q) = ey (p, q) = 0 ∀ (p, q) such that p > ep and q > 0.
This further restriction is also self-fulÞlling. Given these expectations,
there is no proÞtable deviation for either A or B from the suggested
strategies. In particular, B collects zero proÞts and has no incentive
to deviate to a different price because he could get a positive market
share only with a negative price. As for A, she collects nonnegative
proÞts (actually, positive proÞts, except for the case of bp = 0 ) and
would collect nonpositive proÞts after any deviation. Therefore this is
an equilibrium.

3. 0 < x < 1 , y = 0 (the proof is analogous for 0 < y < 1, x = 0)
If such an equilibrium exists, it has to be the case that consumers
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are indifferent between joining A or staying out and prefer A to B,
which implies eU(A) = ux − p = 0 and eU(A) = 0 > −q = eU(B)
which in turn imply p = ux and q > 0. Now, we have to construct
expectations that sustain this equilibrium. When consumers observe
(p, q) such that p = ux and q > 0, let ex (p, q) = x and ey (p, q) = 0 and
let a proportion x of the consumers join A and the remaining fraction
stay out. Moreover, let ey (p, q) = 0 in every subgame where q > 0
and let ex (p, q) = 0 ∀ (p, q) such that p > u. This further restriction
is also self-fulÞlling. Given these expectations, there is no proÞtable
deviation for either A or B from the suggested strategies, therefore
this is an equilibrium.

4. x = y = 1
2 .

First, if such an equilibrium exists it has to be the case that p =
q = bp ∈ £

0, u
2

¤
otherwise consumers would not be optimizing. Fix a

number bp ∈ £
0, u

2

¤
and let ex = ey = 1

2 ∀ (p, q) such that p = q = bp
and ex = ey = 0 after every other history of nonnegative prices. Given
these expectations, if Þrms announce p = q = bp consumers are actually
indifferent and so the expectation that they equally split between the
networks is self-fulÞlling. Moreover, it is optimal for the Þrms to charge
p = q = bp because every deviation would give nonpositive proÞts.

5. x = y = bx ∈ ¡
0, 1

2

¢
First, if such an equilibrium exists it has to be the case that p = q =bp ∈ ¡

0, u
2

¢
otherwise consumers would not be optimizing. Now, Þx a

number bx ∈ ¡
0, 1

2

¢
and let expectations be such that when consumers

observe prices p = q = bxu they expect ex = ey = bx and a fractionbx chooses A, a fraction bx chooses B and the remaining fraction, 1 −
2bx, stays out. Moreover, let ex = ey = 0 after every other history of
nonnegative prices. These expectations are self-fulÞlling and prevent
any proÞtable deviation from the candidate equilibrium x = y = bx,
p = q = bxu .

6. x > y > 0 (the proof is analogous for y > x > 0)
Fix (x, y)∗ such that x∗ > y∗ > 0 . If such an equilibrium exists, it
has to be such that prices make consumers indifferent between the two
networks, i.e. (p, q)∗ ≡ (p, q) such that ux∗ − p = uy∗ − q > 0. Let
expectations be such that if (p, q) = (p, q)∗ , then x (p, q) = x∗ and
y (p, q) = y∗, if p > 0 and p 6= (p)∗ then x (p, q) = 0 and if q > 0 and
q 6= (q)∗ then y (p, q) = 0. These expectations are self-fulÞlling and
Þrms will charge (p, q)∗ ≡ (p, q) because this strategy proÞle guaran-
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tees that proÞts are strictly positive while every deviation would imply
nonpositive proÞts. QED

Proof of Theorem 3:

By assumption there is e > 0 such that F (e) < 1. Let E be the set
of consumers whose intensity parameter is higher than e. Then for every
p ∈ (0, e(1−F (e)) it holds that ui(1−F (e))−p > 0 ∀ i ∈ E (joining together
a network that charges p is strictly better for everyone in E than not joining
any network).

Assume now that one Þrm charges p, the other charges q and p < q. We
claim that if there is a crspe like that, then no consumer joins the network
charging q. Let Rq be the set of consumers to whom it is rationalizable
to join the extensive network in the subgame where prices are p and q. If
Rq = ∅ then since coalitional rationalizability implies rationalizability, no
consumer joins the more expensive network in any crspe. Let now Rq 6= ∅
and let rq =

R
i∈Rq

dF (i), the number of consumers in Rq. Then for every

i ∈ Rq the maximum utility i can expect when joining the more expensive
network is uirq − q, which has to be nonnegative, otherwise i /∈ Rq. The
minimum utility that i can expect if every consumer in Rq joins the cheaper
network is uirq − p. But uirq − p > uirq − q and therefore uirq − p > 0,
which implies that joining the cheaper network is a supported restriction
for Rq. Therefore joining the more expensive network is not coalitionally
rationalizable for any consumer. This implies that the Þrm charging a higher
price gets zero proÞt in any crspe. It cannot be that in a crspe p < 0 because
then in this equilibrium all consumers have to join the Þrm charging p and
therefore this Þrm gets a negative proÞt. It cannot be that p = 0 because
then the Þrm charging p gets 0 proÞt, while coalitional rationalizability
implies that deviating to min(e(1−F (e))/2, q/2) yields him a positive proÞt.
This is because min(e(1 − F (e))/2, q/2) < e(1 − F (e))/2 and min(e(1 −
F (e))/2, q/2) < q and therefore it is a supported restriction for consumers
in E to join the Þrm if charging min(e(1−F (e))/2, q/2), which implies that
the Þrm gets positive proÞt since min(e(1− F (e))/2, q/2) > 0. It cannot be
that p > 0 and that no consumers join the Þrm charging p because then this
Þrm could again proÞtably deviate to min(e(1−F (e))/2, q/2). Therefore it
has to be that p > 0 and the number of consumers joining the Þrm charging
p is x > 0 while the number of consumers charging q is 0. But then the Þrm
charging q in equilibrium (and getting zero proÞt) could proÞtably deviate
to p/2 > 0 since then at least x > 0 consumers would join its network. This
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concludes that in crspe it cannot be that the two networks charge different
prices.

Moreover, it cannot be that p = q < 0 because then at least one of the
Þrms would get negative proÞt. Assume now that p = q > 0. If x+ y = 0
then Þrms get 0 proÞt, but each Þrm could get positive proÞt by deviating
to min(e(1− F (e))/2, p/2). If x+ y > 0 then at least one of the Þrms gets
no more than p · (x + y)/2, but it could get a proÞt that is no less than
something arbitrarily close to p · (x + y) by deviating to p − ε for small
enough ε > 0. Therefore there is no crspe of this kind either and only prices
p = q = 0 can be part of an equilibrium. Let x denote the number of
consumers joining A and y the number of consumers joining B. Then only
the following market shares are compatible with equilibrium: all consumers
with positive ui parameter sign up for Þrm A and x > y; all consumers
with positive ui parameter sign up for Þrm B and x 6 y; all consumers
with positive ui parameter sign up for one of the networks and x = y; and
Þnally that no consumer joins any network. The latter is not compatible
with coalitional rationalizability, since the restriction �join either A or B�
is supported for the set of consumers with positive intensity parameter. Let
the number of consumers in this set be a. Note that by assumption a > 0 and
therefore the restriction guarantees an expected payoff of at least uia/2 > 0
for every consumer i belonging to this coalition, while staying out gives 0
utility.

All that remains to show is that for each of the remaining cases there is
a crspe. Let s be a strategy proÞle for the consumers in the subgame after
(0, 0) prices that gives rise to one of the above market shares. Note that
if the two networks charge the same price then if joining A is coalitionally
rationalizable for a consumer, then so is joining B. If these two prices are
zero, then for consumers with zero intensity parameter all strategies are
coalitionally rationalizable, while for consumers with positive parameter the
strategies joining A and joining B are. But then s is coalitionally rational-
izable in the subgame. Then consider any proÞle in which Þrms charge zero
prices and consumers play s in the subgame following (0, 0), all consumers
join B in subgames after (p, 0) for p > 0, all consumers join A in sub-
games after (0, q) for q > 0, and consumers play an arbitrary coalitionally
rationalizable equilibrium in every other subgame. Then in every subgame
consumers play a coalitionally rationalizable equilibrium and no Þrm has a
proÞtable deviation and therefore this proÞle is crspe. QED

Proof of Theorem 4:

If an equilibrium exists, it has to be the case that in equilibrium market
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shares satisfy one of the following conditions:

1. x1 = x2 = 0

2. x1 = x2 = 1

3. 0 < x1 + x2 < 2

We will now show that in each of these three cases either an equilibrium
exists and it is one of those listed in the theorem, or it does not exist.

x1 = x2 = 0.

We will show that there is no such equilibrium. Suppose prices are p1, p2

and every consumer is out of the market in equilibrium. Then p1, p2 > 0,
otherwise if the Þrm offered at least one negative price some consumers
would rather subscribe than stay out. Suppose the monopolist deviates and
offers (p1, p2) = (−ε, u− ε) . All consumers of type 1 would subscribe for
sure so that they can collect the subsidy and therefore all consumers of type
2 would subscribe as well, because their utility would be U = u(1)−u+ε >
0 = U(out). This deviation would give the monopolist proÞts π = u > 0,
therefore there is no such equilibrium.

x1 = x2 = 1

Let fx1 (p1, p2) ,fx2 (p1, p2) denote expected market shares after prices
(p1, p2) are announced and let fx1 (p1, p2) = fx2 (p1, p2) = 1∀ (p1, p2) such
that p1, p2 6 u. These expectations are self-fulÞlling and allow the monop-
olist to charge (p1, p2) = (u, u) extracting the maximum possible proÞt,
π = 2u. Let expectations be such that fx1 (p1, p2) = fx2 (p1, p2) = 0∀ (p1, p2)
such that p1, p2 > 0 and exi (p1, p2) = 1∀ (p1, p2) such that pi 6 0. These ex-
pectations are self-fulÞlling and the monopolist can charge (p1, p2) = (0, u)
thus inducing all consumers to subscribe and receiving proÞts equal to u.
There is no better strategy for the monopolist because if he increases at least
one price he obtains zero market shares and zero proÞts while if he decreases
at least one of the prices he keeps the same market shares but his proÞts
decrease. Let expectations be such that fx1 (p1, p2) = fx2 (p1, p2) = 1∀ (p1, p2)
such that pi 6 bpi 6 u for i = 1, 2, fx1 (p1, p2) = fx2 (p1, p2) = 0∀ (p1, p2) such
that pi > bpi for i = 1, 2 and for any other couple of nonnegative prices. If
both prices are nonnegative, these expectations are self-fulÞlling and allow
the monopolist to charge (p1, p2) = ( bp1, bp2) thus receiving proÞts bp1 + bp2 .
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The monopolist has no incentive to increase both prices because he would
get zero market shares. He has no incentive to decrease both prices (or just
one, keeping the other constant) because his market shares would be con-
stant but his proÞt would decrease. No other couple of nonnegative proÞts
would give a positive proÞt. Similarly for any couple of nonpositive prices.
Finally, he might charge (p1, p2) = (0, u) and receive proÞts π = u. There-
fore, an equilibrium (p1, p2) = ( bp1, bp2)exists only if bp1 + bp2 > u. We have
shown that the level of proÞts that the monopolist can achieve in equilibria
with full coverage is in the range [u, 2u] .

0 < x1 + x2 < 2

Fix ( bp1, bp2) such that bp1, bp2 ∈ (0, u) and let expectations be such thatexi ( bp1, bp2) =
dp−i

u for i = 1, 2 and fx1 (p1, p2) = fx2 (p1, p2) = 0 for any other
couple of nonnegative prices. These expectations are self-fulÞlling because if
consumers observe ( bp1, bp2) and have these expectations they are indifferent
between joining the network or staying out, so it is possible that exactly a
fraction exi ( bp1, bp2) enters the market and xi =

dp−i

u for i = 1, 2. If bp1x1 +bp2x2 > u the monopolist has no better strategy than charging (p1, p2) =
( bp1, bp2) . therefore this is an equilibrium. QED.

Proof of Theorem 5:

Suppose consumers are coalitionally rational. Then, in every subgame
where they observe (p1, p2) such that pi < u for i = 1, 2 there is a supported
restriction for the coalition of all consumers on both sides which consists in
excluding the strategy �stay out of the market�. Therefore, the only Nash
equilibrium for these subgames which is also compatible with coalitional
rationality is if all consumers join the network. Therefore the monopolist can
get a proÞt arbitrarily close to 2u if consumers are coalitionally rational and
therefore its proÞt in crspe is at least 2u. Since 2u is the maximum possible
consumer surplus and consumers cannot get negative utility in equilibrium,
the monopolist�s proÞt has to be 2u in every crspe. Then since pi > u
(i = 1, 2) implies that no side i consumer join the network, it has to be that
in every crspe the Þrm sets prices (u, u) and every consumer on both sides
joins the network (with the exception of a set with measure zero). QED

Proof of Theorem 6:

If an equilibrium exists, it has to be the case that in equilibrium market
shares satisfy one of the following conditions:
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1. x1 = y1 = x2 = y2 = 0

2. x1 = x2 = y1 = y2 =
1
2

3. x1 = y1 <
1
2 and x2 = y2 <

1
2

4. xi = yi <
1
2and x−i = y−i =

1
2 , i = 1, 2, i 6= −i

5. x1 = x2 = 1, y1 = y2 = 0

6. x1, x2 > 0, y1 = y2 = 0 and x1 + x2 < 2.

7. x1 > y1 > 0 and x2 > y2 > 0

8. 0 < xi < yi and x−i > y−i > 0, i = 1, 2, i 6= −i

We will now show that in each of these eight cases either an equilibrium
exists and it is one of those listed in the theorem, or it does not exist. First
of all, a general observation: for a given strategy proÞle to be an equilibrium
the following necessary conditions have to be satisÞed:

πa > 0 (1*)

πb > 0 (2*)

q1 + inf {q2, 0} 6 πa (3*)

q2 + inf {q1, 0} 6 πa (4*)

p1 + inf {p2, 0} 6 πb (5*)

p2 + inf {p1, 0} 6 πb (6*)

xi > 0⇒ pi 6 x−iu for i = 1, 2 (7*)

yi > 0⇒ qi 6 y−iu for i = 1, 2 (8*)

The Þrst two conditions require that no Þrm gets negative proÞts, the
last two require that if some consumers of a given type subscribe for one of
the Þrms they receive at least their reservation utility of zero, and conditions
(3*) to (6*) require that no Þrms Þnds it proÞtable to follow one of the so
called �divide and conquer� deviations. The purpose of a DC deviation is to
get market share equal to one on both sides and the way the result is obtained
is by offering a very convenient price to one group of consumers, so that it
becomes strictly dominant for them to join the deviating Þrm, and then
charge a high price to consumers on the other side, who are willing to pay
it because they are sure that the deviating Þrm has a large network. More
precisely, suppose Þrms are charging prices p1, p2, q1, q2. Firm B could follow

32



a DC deviation charging q1 < p1 − u to type 1. Consumers of type 1 would
compare U(A) = x2u− p1 6 u(1)− p1 and U(B) = y2u− q1 > u(0)+u− p1

and thus choose B. Given this fact, B could charge q2 = u+ inf {p2, 0} and
thus attract all 2 users. Equation (3*) says that the total proÞt from this
deviation, which is q1+q2 < p1−u+u+inf {p2, 0} = p1+inf {p2, 0} cannot
exceed equilibrium proÞts.

x1 = y1 = x2 = y2 = 0

Suppose prices are p1, p2, q1, q2 and every consumer is out of the market
in equilibrium. Then p1, p2, q1, q2 > 0, otherwise if at least one Þrm offered
a subsidy some consumers would rather subscribe with that Þrm than stay
out, even if no consumer of the other type subscribed with that Þrm. This
implies πa = πb = 0. Conditions (1*) to (6*) can be rewritten as:

πa > 0 (1**)

πb > 0 (2**)

q1 6 0 (3**)

q2 6 0 (4**)

p1 6 0 (5**)

p2 6 0 (6**)

They are all satisÞed only if prices are all zero, therefore the only candi-
date equilibrium with zero participation has zero prices. Now, we to show
that this actually is an equilibrium; we already took care of the DC devi-

ations, which consist in charging
³
pd

i , p
d
j

´
= (−ε− u, u) . First, notice that

since these deviations are unproÞtable, then any other deviation where prices
are smaller or equal than these cannot be proÞtable. Now, let expectations
be such that if a Þrm, say Þrm A, deviates to (p1, p2) with p1, p2 > −u then
every consumer on both sides joins the other Þrm, so that the deviation
proÞt is zero. Moreover, let expectations be such that if a Þrm, say Þrm A
again, deviates to pi < −u and p−i > u then every consumer on side i joins
A and every consumer on side −i stays out, which gives A negative proÞts.
It is easy to verify that the expectations we speciÞed are self-fulÞlling and
therefore there exists no proÞtable deviation from the candidate equilibrium.

x1 = x2 = y1 = y2 =
1
2

First, notice that if such an equilibrium exists it has to be the case that on
each side prices are identical (p1 = q1 and p2 = q2)otherwise, from the point

33



of view of each group, the cheaper network would be strictly preferred. Now,
denoting with (p1, p2) the prices charged by both Þrms, conditions (1*) to
(8*) can be rewritten as6:

1

2
(p1 + p2) > 0 (1***)

p1 + inf {p2, 0} 6 1

2
(p1 + p2) (3***)

p2 + inf {p1, 0} 6 1

2
(p1 + p2) (4***)

p1 6 u

2
(7***)

p2 6 u

2
(8***)

¿From (1***), either both prices are nonnegative or one is nonpositive
and one is nonnegative. First, suppose that both prices are nonnegative and
such that pi ∈

£
0, u

2

¤
, i = 1, 2. Then (1***), (7***) and (8***) are satisÞed.

From (3***) and (4***) we get

p1 6 1

2
(p1 + p2) (1)

p2 6 1

2
(p1 + p2) (2)

which imply p1 = p2. Now, we have constructed candidate equilibria
with p1 = p2 = p ∈

£
0, u

2

¤
, where Þrms make nonnegative proÞts π ∈ £

0, u
2

¤
and we need to show that Þrms have no proÞtable deviations from these
strategy proÞle. Suppose one Þrm sets prices (p, p) and the other, say Þrm
A, deviates to (p1, p2) 6= (p, p). If p1 < p − u and p2 < u or if p1 < u and
p2 < p− u this is a DC deviation, which is not proÞtable in our candidate
equilibria. If pi < p−u and p−i > u for i = 1, 2, let expectations be such that
i-consumers choose A and −i-consumers stay out . Finally, let expectations
be such that if p1, p2 > p − u every consumer of every type chooses B.
These expectations are self-fulÞlling and imply negative deviation proÞts.
Therefore there exist equilibria with p1 = p2 = p ∈

£
0, u

2

¤
where Þrms make

nonnegative proÞts π ∈ £
0, u

2

¤
and there is no other equilibrium with these

market shares and all nonnegative prices.
Let us now consider candidate equilibria with market shares equal to

one half where the price charged to one side is positive and the other is
negative. Let pi 6 0. Then (4***) implies (pi + p−i) 6 1

2 (pi + p−i) , which

6We omit (2*) (5*) and (6*) because if firms charge identical prices they are superfluous.
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implies (pi + p−i) 6 0 ⇒ π 6 0.which, together with (1***) implies π = 0.
This in turn implies pi = −p−i. Finally, from (8***) we get the further
restriction that p−i ∈

£
0, u

2

¤
. So, we have constructed candidate equilibria

with market shares equal to one half, pi = −p−i and p−i ∈
£
0, u

2

¤
. To show

that Þrms have no proÞtable deviations, let (pi, p−i) be the equilibrium prices
and assume Þrm B deviates to (qi, q−i) . If qi < pi − u and q−i < u this is
a DC deviation and it is not proÞtable by construction. If q−i < p−i − u
and qi < u+ pi this is another DC deviation and again it is not proÞtable.
Let expectations be such that if qi < pi − u and q−i > u all consumers on
side i join B and all consumers on side −i stay out, which gives B negative
deviation proÞts. Analogously, let expectations be such that if q−i < p−i−u
and qi > u+pi all consumers on side −i join B and all all consumers on side i
choose A, which gives B negative deviation proÞts. Finally, let expectations
be such that if both qi > pi − u and q−i > p−i − u then all consumers on
both sides choose A, so that B gets zero deviation proÞts.

x1 = y1 <
1
2 and x2 = y2 <

1
2

We will show that there is no such an equilibrium. First of all, prices
have to be identical across Þrms on each side, since market shares are iden-
tical across Þrms. Moreover, all prices have to be nonnegative, otherwise
every consumer who is out of the market would rather enter and receive the
subsidy. Finally, since consumers on each side have to be indifferent between
being in or out of the market prices have to be such that:

p1 = q1 = x2u > 0 (3)

p2 = q2 = x1u > 0 (4)

Now, consider the following DC deviation for Þrm B:

q1 = p1 − u− ε < p1 − u⇒ q1 < x2u− u⇒ U1(B) > 0 (5)

q2 = u− ε < u (6)

This gives strictly positive deviation proÞts, therefore this is not an equi-
librium.

xi = yi <
1
2and x−i = y−i =

1
2

We will show that there is no such an equilibrium. First of all, prices have
to be identical across Þrms on each side, since market shares are identical
across Þrms. Moreover, prices on side i have to be nonnegative, otherwise
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every consumer who is out of the market would rather enter and receive the
subsidy. Finally, since consumers on side i have to be indifferent between
being in or out of the market and consumers on side −i have to be willing
to be in the market prices have to be such that:

pi = qi =
u

2
(7)

p−i = q−i 6 xiu <
u

2
(8)

Now, consider the following DC deviation for Þrm B:

qi = pi − u− ε < pi − u⇒ q1 <
u

2
− u (9)

q−i = u+min {p−i, 0}− ε < u+min {p−i, 0} (10)

This gives deviation proÞts

πd =
u

2
+min {p−i, 0}− 2ε < u

2
+min {p−i, 0} (11)

If p−i > 0 this proÞt is positive and the deviation is proÞtable, hence there is
no equilibrium with such market shares and all nonnegative prices. Suppose
that, instead, p−i < 0, we have

πd =
u

2
+ p−i − 2ε < u

2
+ p−i, (12)

and we can show that this is positive as well, i.e. that

u

2
+ p−i > 0⇔ p−i > −u

2
(13)

because the following implications hold:

πe = xipi + p−i
1

2
> 0⇔ (14)

⇔ xi
u

2
+ p−i

1

2
> 0⇒ (15)

⇒ p−i > −xiu > −u
2

(16)

x1 = x2 = 1, y1 = y2 = 0
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The necessary conditions (1*) to (8*) can be rewritten as7:

(p1 + p2) > 0 (1****)

p1 + inf {p2, 0} 6 πb = 0 (3****)

p2 + inf {p1, 0} 6 πb = 0 (4****)

q1 + inf {q2, 0} 6 πa = (p1 + p2) (5****)

q2 + inf {q1, 0} 6 πa = (p1 + p2) (6****)

p1 6 u (7****)

p2 6 u (8****)

First, notice that the active Þrm cannot charge two strictly negative
prices or one zero price and one strictly negative price in equilibrium because
(1****) would be violated. Moreover, it cannot be the case that both prices
charged by the active Þrm are strictly positive because this would contradict
(3****) and (4****). Therefore, if an equilibrium with these market shares
exists it has to be the case that the active form charges one nonnegative
and one nonpositive price. Then, from either (3****) or (4****) we get
(p1 + p2) 6 0, which together with (1****) gives us π = 0. Therefore, we
have p−i = −pi 6 0 for either i = 1 or i = 2. From (7****) and (8****) we
also get pi ∈ [0, u] . Finally, it is necessary for this strategy proÞle to be an
equilibrium that the inactive Þrm�s prices (q1, q2) are such that q1 + q2 6 0
and qi > p − u and q−i > −p − u. If q1 + q2 > 0, then Þrm A would have
a DC deviation giving positive proÞts. If qi < p− u or q−i < −p − u then
consumers on side 1 or side 2 are not in optimum when choosing Þrm A. Now
that we have described the candidate equilibria which satisfy the necessary
conditions we need to add sufficient restrictions on the expectations off-
equilibrium path for these to be actual equilibria. Fix some p, q1, q2 like
above. Consider the following set of self-fulÞlling expectations. Let all
consumers on both sides join A if prices are (p,−p, q01, q02) and either q01 >
p − u or q02 > −p − u or both. Let all consumers on both sides join B if
prices are (p,−p, q01, q02) and q01 < p − u and q02 < −p + u or if q01 < u and
q02 < −p− u. Let all consumers on side 1 join B and all consumers on side
2 stay out if q01 < p − u and q02 > −p + u. Let all consumers on side 2
join B and all consumers on side 1 stay out if q02 < −p − u and q01 > u. If
prices are (p1, p2, q1, q2) then let consumers on either side choose A only if
p1 = p and p2 = −p or if that is the only rationalizable choice for them.
It is straightforward but tedious to explicitly provide such a proÞle. Then
Þrm B can only get positive demand if he gets negative proÞts, while Þrm

7We skip condition (2*) because it is trivially satisfied.
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A either sets its prices to be (p,−p) or gets zero demand or negative proÞt.
Therefore proposing prices (p,−p, q01, q02) is consistent with equilibrium and
then all consumers are in optimum by choosing A.

x1, x2 > 0, y1 = y2 = 0 and x1 + x2 < 2.

We will show that there is no such equilibrium. Suppose in equilibrium
(p1, p2, q1, q2, x1, x2) , x1, x2 > 0 and x1 + x2 < 2. Then in equilibrium
consumers on at least one side are indifferent between joining A and staying
out. W.l.o.g. let this side be 1. Then it has to be that p1 > 0. If p2 <
0, consider the DC deviation by B (q1, q2) = (p1 − u− ε, p2 + u− ε) . It
guarantees that every consumer joins B and for small enough ε a positive
proÞt to B, since p1 + p2 > x1p1 + p2 > 0 (the latter is A�s proÞt in the
proposed equilibrium). If p2 > 0, consider the DC deviation by B (q1, q2) =
(p1 − u− ε, u− ε) . It guarantees that every consumer joins B and for small
enough ε a positive proÞt to B.

x1 ≥ y1 > 0 and x2 > y2 > 0

We will show that there exists no such equilibrium. If it exists, it has
to be the case that p1 > q1 and p2 > q2. Suppose p1 > p2. Then p1 > q1

and p1 > q2. Also y1 6 1/2 and y2 < 1/2 otherwise consumers who join A
are not in optimum. Therefore p1 > q1y1 + q2y2. Then if p2 > 0 the DC
deviation by B (q1, q2) = (p1 − u− ε, u− ε) guarantees that every consumer
joins B and for small enough ε gives a proÞt larger than q1y1 + q2y2. If
p2 < 0, then x2 + y2 = 1. Then p1 + p2 > p1x1 + q1y1 + p2x2 + q2y2 >
q1y1+ q2y2 (the latter holds because A�s proÞts in the proposed equilibrium
have to be nonnegative). Then if p2 < 0 the DC deviation by B (q1, q2) =
(p1 − u− ε, p2 + u− ε) guarantees that every consumer joins B and for small
enough ε gives a proÞt larger than q1y1 + q2y2. Similarly for the p1 < p2

case.

0 < xi < yi and x−i > y−i > 0.

W.l.o.g. suppose x1 < y1 and x2 > y2. Then to make consumers in-
different between joining the two networks, p1 > q1 and p2 < q2. Sup-
pose Þrst that p1, p2, q1, q2 > 0. Then the DC deviation by B (q1, q2) =
(p1 − u− ε, u− ε) guarantees that every consumer joins B and yields a proÞt
of p1 − 2ε. Also the DC deviation by A (p1, p2) = (u− ε, q2 − u− ε) guar-
antees that every consumer joins A and yields a proÞt of q2 − 2ε. But
since p1 + q2 > p1x1 + q1y1 + p2x2 + q2y2, for small enough ε it holds that
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p1−2ε+q2−2ε > p1x1+q1y1+p2x2+q2y2. Then either p1−2ε > q1y1+q2y2

or q2 − 2ε > p1x1 + p2x2 (or both), establishing that at least one of the
above DC deviations is proÞtable. Now assume that prices on one side of
the market are negative. Wlog let p1 > q1 > 0 and p2 < q2 < 0. Then
x2 + y2 = 1. Then the DC deviation by B (q1, q2) = (p1 − u− ε, p2 + u− ε)
guarantees that every consumer joins B and yields a proÞt of p1 + p2 − 2ε.
Also the DC deviation by A (p1, p2) = (q1 − u− ε, q2 + u− ε) guarantees
that every consumer joins A and yields a proÞt of q1 + q2 − 2ε. Note that
(p1+ p2+ q1+ q2)/2 > p1x1+ q1y1+ p2x2+ q2y2 since x1 < y1 and y2 < x2.
This implies that (p1 + p2 + q1 + q2)/2 > 0 since proÞts are nonnegative.
Then p1 + p2 + q1 + q2 > (p1 + p2 + q1 + q2)/2. Then for small enough
ε it holds that p1 + p2 − 2ε + q1 + q2 − 2ε > p1x1 + q1y1 + p2x2 + q2y2.
But then either p1 + p2 − 2ε > q1y1 + q2y2 or q1 + q2 − 2ε > p1x1 + p2x2

(or both), making at least one of the DC deviations proÞtable. Now as-
sume that one of the prices on both markets is negative: q1, p2 < 0 and
p1, q2 > 0. Then it is analogous to the previous step to show that for small
enough ε at least one of the DC deviations (p1 − u− ε, p2 + u− ε) by B
and (q1 + u− ε, q2 − u− ε) by A is proÞtable. Finally assume that one Þrm
charges two nonnegative prices, while the other charges one negative and
one positive price. Wlog let p1, p2, q2 > 0 and q1 < 0. Assume that p1 > p2

(the reverse case is analogous). Then p1+(q1+q2)/2 > (p1+p2+q1+q2)/2.
Also q1+ q2 > (q1+ q2)/2 since (q1+ q2)/2 > q1y1+ q2y2 > 0. Furthermore,
(p1 + p2 + q1 + q2)/2 > p1x1 + q1y1 + p2x2 + q2y2 since x1, y2 < 1/2. These
establish that p1 + q1 + q2 > p1x1 + q1y1 + p2x2 + q2y2. Now consider the
DC deviation by B (q1, q2) = (p1 − u− ε, u− ε) . It guarantees that every
consumer joins B and yields a proÞt of p1− 2ε. Similarly, the DC deviation
by A (p1, p2) = (q1 + u− ε, q2 − u− ε) guarantees that every consumer joins
A and yields a proÞt of q1 + q2 − 2ε. But for small enough ε it holds that
p1− 2ε+ q1+ q2− 2ε > p1x1+ q1y1+ p2x2+ q2y2 and therefore at least one
of the two DC deviations above has to be proÞtable. QED.

Lemma 1 If p << q then in any coalitionally rationalizable outcome of the
subgame with prices (p1, p2, q1, q2) it has to be that y1, y2 = 0 (similarly
if p >> q then x1, x2 = 0). If p1, p2 6 u, neither p << q nor p >> q
and p1 − u 6 q1 and p2 − u 6 q2 then x1 = x2 = 1 is a coalitionally
rationalizable Nash equilibrium of the consumer subgame with prices
(p1, p2, q1, q2). Similarly if q1, q2 6 u, neither p << q nor p >> q
and q1 − u 6 p1 and q2 − u 6 p2 then y1 = y2 = 1 is a coalitionally
rationalizable Nash equilibrium of the consumer subgame with prices
(p1, p2, q1, q2).
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Proof.
If q1, q2 6 u then p1, p2 < u and therefore joining A is a supported

restriction for the coalition of all consumers. If qk > u for some k = 1, 2
then not joining B is a supported restriction for every side k consumer.
But then joining B can never be a best response for side −k consumers,
which establishes that joining B is not rationalizable for any consumer and
therefore not coalitionally rationalizable.

For the second claim, note that the proposed proÞle is an equilibrium,
because a consumer on side 1 gets utility u − p1 which is by assumption
larger than or equal to 0, what he would get if not joining any network, and
−q1 which he would get if joining Þrm B. Similarly for consumers on side 2.
Since neither p << q nor p >> q, for some k ∈ {0, 1} pk 6 qk. Wlog assume
p1 6 q1. Let C = ×

i∈[0,1]
Ci

1 ×
i∈[0,1]

Ci
2 be a product subset of the set of strategies

in the subgame and {A} ∈ Ci
k ∀ i ∈ [0, 1] and k = 1, 2. Then the maximum

utility that is possible for a side 1 consumer in the subgame is attained if
he chooses A and all consumers on side 2 choose A. Therefore there is no
supported restriction D = ×

i∈[0,1]
Di

1 ×
i∈[0,1]

Di
2 given C such that {A} /∈ Di

1 for

some i ∈ [0, 1]. But then conditions p2 − u 6 q2 and p2 − u 6 q2 also imply
that there is no supported restriction D = ×

i∈[0,1]
Di

1 ×
i∈[0,1]

Di
2 given C such

that {A} /∈ Di
2 for some i ∈ [0, 1]. An iterative argument then establishes

that {A} ∈ A∗k ∀ i ∈ [0, 1] and k = 1, 2 where A∗ = ×
i∈[0,1]

A∗1 ×
i∈[0,1]

A∗2 is the

set of coalitionally rationalizable strategies of the subgame. This concludes
that the above proÞle is both equilibrium of the subgame and coalitionally
rationalizable. QED

Lemma 2 Market shutdown cannot be in CRSE.

Proof.
Theorem 6 establishes that if there is market shutdown in a subgame

perfect Nash equilibrium, then p1 = p2 = q1 = q2 = 0. But if p1 = p2 =
q1 = q2 = 0, then joining a network is a supported restriction by the coalition
of all consumers (it gives an expected payoff of at least u/2, while staying
out gives a payoff of 0). QED

Lemma 3 If in some crspe no consumer joins network B then p1 = −p2,
p1 ∈ [−u, u] and x1 = x2 = 1. Similarly if in some crspe no consumer
joins network A then q1 = −q2, q1 ∈ [−u, u] and y1 = y2 = 1.
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Proof.
Assume no consumer joins B. The other case is symmetric.
Suppose Þrst that p1 6= −p2. If both p1 > 0 and p2 > 0 then the

former assumption implies that p1 + p2 > 0 and therefore the deviation
(min(u, p1)−ε,min(u, p2)−ε) by B is proÞtable for small enough ε > 0, since
by lemma [attila1] it attracts all consumers. Assume now that pk < 0 for k =
1, 2. Then xk = 1 since joining A is always a better response than not joining
any network. Then since A cannot have negative proÞt in equilibrium, it
has to be that p−k > −pk. But then the deviation p1 − ε, p2 − ε by B is
proÞtable for small enough ε > 0, since by lemma [attila1] it attracts all
consumers. Therefore p1 6= −p2 cannot be in a crspe in which no consumer
joins B.

Suppose now that p1 > u. Since p2 = −p1, p2 < 0. Then all side 2
consumers join A in this equilibrium since joining A is always better than
not joining any network, but no side 1 consumers, since no joining any
network is always strictly better for them. But then A gets negative proÞt
in this equilibrium, a contradiction. A similar argument shows that it cannot
be that p1 < −u.

Assume now that it is not the case that x1 = x2 = 1. If p1 < 0 then it
has to be that x1 = 1. Then x2 < 1 and p1 = −p2 imply that Þrm A gets
negative proÞt in equilibrium, a contradiction. A similar argument shows
that it cannot be that p2 < 0. Finally if p1 = 0 then since no consumer joins
B and by lemma 2 market shutdown cannot be in crspe, it has to be that
every consumer joins A (otherwise some consumers are not in optimum).
QED

Lemma 4 If in some crspe both networks have a positive market share then
p1 = q1 ∈ [−u/2, u/2], p2 = q2 = −p1 and x1 = y1 = x2 = y2 = 1/2.

Proof:
By theorem 6 in every subgame perfect Nash equilibrium with both

networks having positive market shares it has to be that pk = qk for k = 1, 2
and x1 = y1 = x2 = y2 = 1/2. Also by theorem 6 either p1 = q1 ∈
[−u/2, u/2] and p2 = q2 = −p1 or p1 = p2 = q1 = q2 = bp ∈ £

0, u
2

¤
. But ifbp > 0 then deviating to (bp − ε, bp − ε) is proÞtable to either Þrm for small

enough ε > 0 since by lemma [attila1] this deviation attracts all consumers
and therefore the deviators proÞt is 2(bp− ε) which for small enough ε > 0
is larger than bp, the proÞt that Þrms get in the proposed equilibrium. QED
Proof of Theorem 7:
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Lemmas 2,3,4 establish the Þrst part of the claim.
Consider now a proÞle such that p1 = −p2, p1 ∈ [−u, u], q1 = q2 = 0 and

consumers� strategies are the following:
-all consumers join A if prices are (p1, p2, q

0
1, q

0
2) such that q

0
1 > p1 − u,

q02 > p2 − u and it is not the case that both q01 < p1 and q
0
2 < p2

-all consumers join B if prices are (p01, p02, 0, 0) such that p01, p02 > −u and
it is not the case that p01 and p02 are both negative

-consumers play some arbitrary coalitionally rationalizable Nash equilib-
rium in every other consumer subgame.

By lemma 1 the consumers play a coalitionally rationalizable Nash equi-
librium in every subgame in the above proÞle. Firm A can only get positive
market share after a deviation if either it sets two negative prices, or if it sets
a price less than −u. In either case he gets negative proÞt, so the deviation
is unproÞtable. If B deviates to (q01, q02) << (p1, p2) it gets all consumers
and its proÞt is strictly negative. If he sets q01 < p1−u and p1 < 0 then since
no consumer on side 2 joins him if q02 > u, he ends up with negative proÞt.
If he sets q01 < p1 − u and p1 > 0 then since no consumer on side 2 joins
him if q02 > p2 + u, he ends up with negative proÞt. A similar argument
establishes that setting q02 < p2 − u yields a negative proÞt. After every
other deviation B gets a zero market share, which concludes that neither
Þrm has a proÞtable deviation in this proÞle and therefore it is a crspe.

A similar argument establishes that for every (q1, q2) such that q1 = −q2,
q1 ∈ [−u, u] there is a crspe such that Þrm B sets prices (q1, q2) and all
consumers join B.

Consider now a proÞle such that pk = qk = −p−k = −q−k ∈ [−u/2, u/2]
for k = 1, 2 and consumers follow the following strategies:

-after prices (p1, p2, q1, q2) the mass of people joining both networks is
1/2 on both sides of the market

-all consumers join A if prices are (p1, p2, q
0
1, q

0
2) such that q

0
1 > p1 − u,

q02 > p2 − u and it is not the case that both q01 < p1 and q
0
2 < p2

-all consumers join B if prices are (p01, p02, q1, q2) such that p
0
1 > q1 − u,

p02 > q2 − u and it is not the case that both p01 < q1 and p02 < q2

-consumers play some arbitrary coalitionally rationalizable Nash equilib-
rium in every other consumer subgame.

Consider the subgame after price announcements (p1, p2, q1, q2). Then
both the proÞle in which every consumer joins A and the one in which
every consumer joins B yield the best possible payoff to every consumer
in this subgame and therefore both joining A and joining B are coalition-
ally rationalizable in the subgame for every consumer. Furthermore, 1/2 of
the consumers joining A and 1/2 of the consumers joining B constitutes a
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Nash equilibrium in the subgame and therefore the above proÞle speciÞes a
coalitionally rational Nash equilibrium in this subgame. Lemma 1 then es-
tablishes that consumers play a coalitionally rationalizable Nash equilibrium
in every other subgame.

If B deviates to q01 < p1 and q
0
2 < p2 then it attracts all consumers and

gets a strictly negative proÞt. If he sets a price q01 < q1− u and q1 < 0 then
since no consumer on side 2 joins him if q02 > u, he ends up with negative
proÞt. If he sets q01 < p1 − u and p1 > 0 then since no consumer on side
2 joins him if q02 > p2 + u, he ends up with negative proÞt. Any other
deviation results in B getting a 0 market share. This concludes that there is
no proÞtable deviation for B. A symmetric argument establishes that there
is no proÞtable deviation for A and therefore the above proÞle is a crspe.
QED

Proof of Theorem 8:

If the monopolist charges prices that are lower than l on both sides of the
market, then joining the network is a supported restriction for the coalition
of all consumers. The supremum of the proÞt the Þrm in this price range
is 2l and the Þrm can get a proÞt arbitrarily close to it by charging prices
(l−ε, l−ε) for small enough ε > 0. If the Þrm sets both prices to be smaller
than ah then joining the network is a supported restriction for the coalition
of consumers that involve the high types from both sides of the market.
Therefore the monopolist can guarantee a proÞt arbitrarily close to 2a2h by
charging prices (ah−ε, ah−ε) for small enough ε > 0. If the Þrm charges a
price higher than h on one side of the market, then it is never a best response
for any consumer on that side to join the network. Therefore consumers on
the other side do not join the network if they are charged a positive price.
Therefore the maximum proÞt the monopolist can get if charging a price
higher than h is 0, which is strictly smaller than 2a2h. Therefore in a crspe
the monopolist never charges a price higher than h.

Consider Þrst the case that ah > l. If the monopolist charges a price
higher than ah on one side, then only high types can join the network in
equilibrium. Furthermore, consumers on this side only join in equilibrium if
at least some low types join the network from the other side. For that to be
possible in equilibrium, the price on the other side cannot exceed al. The
above imply that if the Þrm charges a price higher than ah on one side, then
its proÞt cannot exceed ah+ al (charging more than h on that side or more
than al on the other side would imply that no consumers join the network).
But note that the Þrm can get a proÞt arbitrarily close to this amount by
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charging (h−ε, al−ε) for small enough ε > 0, since then joining the network
is a supported restriction for the coalition of consumers involving all high
types on side 1 and all consumers on side 2.

Consider now the case that l > ah. If the monopolist charges a price
higher than l on one side, the same arguments as above establish that its
proÞt cannot exceed ah+al, but it can get a proÞt arbitrarily close to it by
charging (h− ε, al − ε) for small enough ε > 0.

This concludes that the monopolist can never get a higher proÞt in a cr-
spe then max(2l, 2a2h, ah+ al), but if consumers are coalitionally rational,
then it can always guarantee a proÞt arbitrarily close to max(2l, 2a2h, ah+
al). But then its proÞt in every crspe has to be equal to max(2l, 2a2h, ah+
al). This establishes that the prices charged by the monopolist are either
(l, l) or (ah, ah) or (h, al) or (al, h) in any crspe, and in the Þrst case all con-
sumers join the network, in the second all high types join, in the third all
high types on side 1 and all consumers on side 2 join, while in the fourth all
high types on side 2 and all consumers on side 1 join. Note that every con-
sumer who joins the network in the proposed proÞles in the above consumer
subgames gets nonnegative utility, while not joining the network never gives
utility larger than 0. Also for those consumers who do not join the network in
the above proÞles, joining the network is not rationalizable. Therefore these
strategy proÞles in the corresponding consumer subgames are coalitionally
rationalizable Nash equilibria. Then if 2l = max(2l, 2a2h, ah+al) then there
is a crspe in which the Þrm charges (l, l), otherwise there is not. Similarly if
2a2h = max(2l, 2a2h, ah+al) then there is a crspe in which the Þrm charges
(ah, ah), otherwise there is not, and if ah+al = max(2l, 2a2h, ah+al) then
there is a crspe in which the Þrm charges (h, al) or (al, h), otherwise there
is not.

Suppose 2a2h > al+ ah. Since a > 0, this is equivalent to (2a− 1)h > l.
The latter implies a2h > l since a2h− (2a− 1)h = (a− 1)2h > 0. Therefore
(2a− 1)h > l implies that there is a crspe in which prices are (ah, ah) and
if (2a− 1)h > l then in every crspe prices are (ah, ah). If (2a− 1)h < l then
prices cannot be (ah, ah) in crspe.

Suppose now that ah+ al 6 2l. It is equivalent to l > a
2−ah. The latter

implies l > a2h since a
2−ah − a2h = ah1−2a+a2

2−a > 0. Therefore 2a2h < 2l.
This establishes that if l > a

2−ah then there is a crspe in which prices are
(l, l), if l > a

2−ah then in every crspe prices are (h, h) and if l >
a

2−ah then
there is no crspe in which prices are (l, l).

Note that (2a− 1)h < a
2−ah.

The above also establish that if l ∈ [(2a−1)h, a
2−ah] then there is a crspe
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in which one price is h and the other is al, if l ∈ ((2a− 1)h, a
2−ah) then all

crspe are like that and if l /∈ [(2a − 1)h, a
2−ah] then there is no crspe like

that. QED.

Proof of Theorem 9:

Suppose the monopolist establishes two networks, A and B, charging
prices (p1, p2) and (q1, q2) respectively and denote with (x1, x2) A�s market
shares and with (y1, y2) B�s market shares. If (p1, p2) << (q1, q2) or vicev-
ersa, one of the two networks would be empty by coalitional rationality8

and therefore he could not get higher total proÞts than what he gets in the
case where he has only one network. If he charges (p1, p2) = (q1, q2) , it is
compatible with coalitional rationality that either consumers stay out of the
market (if prices are nonnegative), in which case proÞts are null, or that one
network is empty, in which case the monopolist cannot get more proÞts than
if he had only one network, or that consumers equally split between the two
networks. Even in this last case, the monopolist could do better by offering
just one network: he could get the same number of customers and increase
prices because the gross surplus that consumers would receive by converg-
ing on one network would be higher. Finally, the monopolist might charge
prices (p1, p2) , (q1, q2) such that p1 > q1 and p2 6 q2. First, notice that it
has to be the case that x1 6 y1 and y2 6 x2, otherwise one network would
be empty and the monopolist might as well establish just one network. Let
a 6 1

2 and consider the following strategy: the monopolist charges prices
such that network A attracts high types of side 1 and low types of side 2
and network B the remaining consumers, with proÞts

π = p1a+ p2 (1− a) + q1 (1− a) + q2a (17)

Such a strategy must satisfy incentive compatibility and individual rational-

8It is a supported restriction for the coalition of all consumers of both sides to restrict
their choices to either join the cheaper network or none.
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ity constraints for both high and low types:

U1
h(A) = h (1− a)− p1 > U1

h(B) = ha− q1 (18)

U2
h(B) = h (1− a)− q2 > U2

h(A) = ha− p2 (19)

U1
h(A) = h (1− a)− p1 > 0 (20)

U2
h(B) = h (1− a)− q2 > 0 (21)

U1
l (A) = l (1− a)− p1 6 U1

l (B) = la− q1 (22)

U2
l (B) = l (1− a)− q2 6 U2

l (A) = la− p2 (23)

U1
l (B) = la− q1 > 0 (24)

U2
l (A) = la− p2 > 0 (25)

Maximizing proÞts subject to this set of constraints we Þrst observe that
the symmetry of the problem guarantees a symmetric solution where

p1 = q2 (26)

p2 = q1 (27)

The solution of this linear programming problem is

p1 = q2 = h (1− 2a) + al (28)

p2 = q1 = la (29)

with the IR of the low types and the IC of the high types are binding.
Associated proÞts are

π = 2 [ah(1− 2a) + al] (30)

First, notice that

2 [ah(1− 2a) + al] > al + ah⇒ l > (4a− 1)h (31)

therefore for values of l smaller than (4a− 1)h the monopolist would rather
establish only one network and charge (h, al) or (al, h) than establish two
networks and charge p1 = q2 = h (1− 2a) + al, p2 = q1 = al. Moreover, this

also establishes that for l ∈
³
(4a− 1)h, a

2−ah
´
establishing two networks

and charging p1 = q2 = h (1− 2a) + al, p2 = q1 = al is more proÞtable than
any strategy involving the presence of just one network. For l > a

2−ah, we
know that the most proÞtable strategy for a monopolist who operates only
one network is to charge (l, l) and attract all consumers on both sides with
proÞts π = 2l. Since

2 [ah(1− 2a) + al] > 2l⇒ l <
a (1− 2a)
1− a h (32)
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we can conclude that for l ∈
³
( a

2−ah,
a(1−2a)

1−a h
´
establishing two networks

and charging p1 = q2 = h (1− 2a) + al, p2 = q1 = al is more proÞtable than
any strategy involving the presence of just one network. Notice that such a

range exists iff a ∈
³
0, 1−

√
2

2

´
.

Now that we have shown that for some values of the parameters this
strategy is more proÞtable than any strategy involving the presence of only
one network, it remains to show that the monopolist has no proÞtable de-
viation involving the presence of two networks. We have already shown
that no strategy of the type (p1, p2) << (q1, q2) or (p1, p2) = (q1, q2) can
improve on the strategies involving only one network, and therefore they
cannot improve on our candidate equilibrium either. Among the strategies
of the type p1 > q1 and p2 6 q2, we already know that only the ones which
induce x1 6 y1 and y2 6 x2 are potentially proÞtable. Among these, those
who satisfy the set of constraints listed above are all weakly dominated by
our candidate equilibrium by construction. Let us consider those who vio-
late the IR of some group. Either the IR is violated for both high and low
types, in which case the monopolist gets zero proÞts, or only the one of the
low types is. In this case, on at least one side only high types are willing
to enter the market. Either they converge on one network, and therefore
the monopolist is not improving with respect to the situation where he has
just one network, or they split among the two networks. Even in this case,
the monopolist would be better off offering just one network because these
consumers would enjoy a higher gross surplus and would be willing to pay a
higher price. We have to check that the remaining strategies which induce
full coverage of the population and 0 < x1 6 y1 and 0 < y2 6 x2 do not con-
stitute proÞtable deviations. Given the assumption that a < 1

2 , conditions
p1 > q1,p2 6 q2, 0 < x1 6 y1 and 0 < y2 6 x2 can be satisÞed if network A
attracts all high types consumers and some low types of side 1 and part of
the low types of side 2 and network B the remaining consumers, with proÞts

π = p1x1 + p2x2 + q1y1 + q2y2 (33)

By the symmetry of the problem, the solution will be such that

p1 = q2 (34)

p2 = q1 (35)

x1 = y2 6 1

2
(36)

x2 = y1 = 1− y2 (37)
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and the set of constraints that need to be satisÞed is

U1
h (A) = h (1− y2)− p1 > U1

h (B) = hy2 − q1 (38)

U1
l (A) = l (1− y2)− p1 = U

1
l (B) = ly2 − q1 (39)

U1
h (A) = h (1− y2)− p1 > 0 (40)

U1
l (A) = l (1− y2)− p1 = U

1
l (B) = ly2 − q1 > 0 (41)

The solution to this constrained maximization problem is

p1 = q2 =
l

2
(42)

p2 = q1 =
l

2
(43)

x1 = y2 =
1

2
(44)

x2 = y1 =
1

2
(45)

π = l (46)

therefore this deviation is not proÞtable, since we are considering the case
where our candidate equilibrium strategy gives proÞts that are higher than
those attainable with only one network, and in particular higher than 2l.

Another situation where conditions p1 > q1,p2 6 q2, 0 < x1 6 y1 and
0 < y2 6 x2 are satisÞed and there is full coverage is if network A attracts
some high types of side 1, part of the high types of type 2 and all the low
types of side 2 and network B the remaining consumers, with proÞts

π = p1x1 + p2x2 + q1y1 + q2y2 (47)

By the symmetry of the problem, the solution will be such that

p1 = q2 (48)

p2 = q1 (49)

x1 = y2 6 1

2
(50)

x2 = y1 = 1− y2 (51)

and the set of constraints that need to be satisÞed is

U1
h (A) = h (1− y2)− p1 = U

1
h (B) = hy2 − q1 (52)

U1
l (A) = l (1− y2)− p1 6 U1

l (B) = ly2 − q1 (53)

U1
h (A) = h (1− y2)− p1 = U

1
h (B) = hy2 − q1 > 0 (54)

U1
l (B) = ly2 − q1 > 0 (55)

48



The solution is

p1 = q2 =
h (3h− l)− (h+ l) (h− l)

4h
(56)

p2 = q1 =
l (h+ l)

4h
(57)

x1 = y2 =
h+ l

4h
(58)

x2 = y1 =
3h− l
4h

(59)

π =
(h+ l)2

4h
(60)

and it exists only if x1 = y2 =
h+l
4h < a since we assumed that network A

attracts only part of the high types of side 1. But

h+ l

4h
< a⇒ (h+ l)2

4h
< a (h+ l) (61)

The last term of the inequality is the proÞt the monopolist might achieve by
establishing just one network and attracting all consumers of one side and
only high types of the other side. Since we are considering the case where
our candidate equilibrium is more proÞtable than any strategy involving
only one network, we can conclude that this deviation is not proÞtable. The
last case where conditions p1 > q1,p2 6 q2, 0 < x1 6 y1 and 0 < y2 6 x2 are
satisÞed and there is full coverage is if network A attracts some low types
of side 1 (a fraction smaller than 1

2 of the total population), all the high
types of type 2 and some low types of side 2 and network B the remaining
consumers, with proÞts

π = p1x1 + p2x2 + q1y1 + q2y2 (62)

By the symmetry of the problem, the solution will be such that

p1 = q2 (63)

p2 = q1 (64)

x1 = y2 6 1

2
(65)

x2 = y1 = 1− y2 (66)
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and the set of constraints that need to be satisÞed is

U1
h (A) = h (1− y2)− p1 6 U1

h (B) = hy2 − q1 (67)

U1
l (A) = l (1− y2)− p1 = U

1
l (B) = ly2 − q1 (68)

U1
h (B) = hy2 − q1 > 0 (69)

U1
l (A) = l (1− y2)− p1 = U

1
l (B) = ly2 − q1 > 0 (70)

This set of constraints has no solution because the IC of the low types
implies

p1 − q1 = l (1− 2y2) (71)

which is not compatible with the IC of the high types, which in turns can
be rewritten as

p1 − q1 > h (1− 2y2) > l (1− 2y2) (72)

Finally, we have shown that there is no proÞtable deviation from our candi-
date equilibrium. QED
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